We estimate the CP asymmetry A CP (q 2 ) in the decays B → X s µ + µ − and B → X d µ + µ − in the standard model (SM) with an additional fourth generation. We use a parametrization that allows us to explore the complete parameter space of the 4 × 4 quark mixing matrix, and constrain these parameters from the current data on B decays. We find that the enhancement in A CP (q 2 ) depends strongly on the mass of the t ′ , the uptype quark in the fourth generation. For m t ′ around 400 GeV, the CP asymmetry in the high-q 2 region (q 2 > 14.4 GeV 2 ) can be enhanced by more than an order of magnitude for B → X s µ + µ − and upto a factor of 6 for B → X d µ + µ − . There is no enhancement in the low-q 2 region (1 < q 2 < 6 GeV 2 ). With increasing m t ′ , A CP (q 2 ) in the high-q 2 (low-q 2 ) region first decreases (increases) and then saturates at a value a few times the SM prediction. In the high-q 2 region of B → X s µ + µ − , this saturation value may be up to 25 times the SM expectation.
It is always good to consider new physics effects in the observables which are either zero or highly suppressed in the SM. The reason is that any finite or large measurement of such an observable will confirm the existence of new physics. The CP asymmetry in B → (X s , X d ) l + l − is one such observable. The CP asymmetry in B → (X s , X d ) l + l − has been widely studied within the framework of the SM and its possible extensions [1, 2, 3, 4, 5, 6, 7] . In the SM, the CP asymmetry in B → X s l + l − is ∼ 10 −3 [1, 2] whereas in B → X d l + l − it is ∼ (3 − 6)% [2, 3, 4] . In the SM with three generations (SM3), the only source of CP violation is the unique phase in the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing matrix. However in many possible extensions of the SM, there can be extra phases contributing to the CP asymmetry.
In this paper we study the CP asymmetry in B → (X s , X d ) µ + µ − within the framework of the SM with an additional fourth generation (SM4). There is no clear theoretical argument to restrict the number of generations to three in the SM.
Therefore in principle we can have four or more generations. The effects of the extra generation have been studied in the literature in detail [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] . The existence of new generation fermions that are lighter than M Z /2 ≈ 45 GeV has been excluded by the data on the width of the Z boson [19] , whereas the existence of fermions heavier than M Z ≈ 91 GeV has been excluded by the existing data on the Z boson parameters combined with the masses of the W boson and the top quark [20] . However using the same data one can show that a few extra generations are possible provided the neutral leptons have masses around 50 GeV [21, 22] .
The electroweak (EW) precision measurements impose severe constraints on the fourth generation [20, 23, 24, 25, 26, 27] . A considerable amount of fine tuning is required to accommodate a heavy fourth generation top quark t ′ (m t ′ > 400 GeV)
in order not to violate the experimental constraints from the S and T parameters [27] . The parameter space of fourth generation masses with minimal contributions to the EW precision oblique parameters, and in agreement with all experimental constraints, is [27] 
where m H is the Higgs mass and m l ′ , m ν ′ , m b ′ are the masses of the fourth generation charged lepton l ′ , neutrino ν ′ and the down type quark b ′ respectively. We see that the EW precision data constrain the mass splitting between t ′ and b ′ (l ′ and ν ′ ) to be small, around 50 GeV.
The fourth generation has a significant effect on the Higgs sector of the SM.
For example, the t ′ and b ′ quarks increase the effective ggH coupling by a factor of roughly 3 which will increase the production cross section σ gg→H by almost an order of magnitude [28, 29] . The effect of the fourth generation on Higgs physics has been studied in [27, 30, 31, 32] . In [27] , it was shown that in the SM4, Higgs masses between 115 − 315 (115 − 750) GeV are allowed by the EW precision data at the 68% (95%) C.L. Thus the EW precision data favor a heavy Higgs boson if the fourth generation is introduced.
Rare decays of B mesons occur at loop level and hence they are sensitive to the generic extensions of the SM. The effects of the fourth generation on inclusive B decays have been studied in the literature [33, 34, 35, 36, 37] . We employ the Dighe-Kim parametrization [17] of the 4 × 4 quark mixing matrix (CKM4) that allows us to treat the effects of the fourth generation perturbatively and explore the complete parameter space available. We generalize the notion of unitarity triangles to unitarity quadrilaterals, and calculate the CP asymmetry. 
where the form of operators O i and the expressions for calculating the coefficients 
where i = 7, 8, 9, 10. The new Wilson coefficients C t ′ i (µ b ) can easily be calculated by substituting m t ′ for m t in the SM3 expressions involving the t quark. The amplitude for the decay B → X q µ + µ − in the SM4 is given by
where the Wilson coefficients are evaluated at µ b =m b . The calculation of the differential decay rate gives
where
The phase space factor f (m c ) in B(B → X c eν) is given by [39] f (m c ) = 1 − 8m 2 c + 8m
κ(m c ) is the 1-loop QCD correction factor [39] 
Within the SM3, the Wilson coefficients C 7 and C 10 are real. However the Wilson coefficient C 9 becomes slightly complex due to the non-negligible terms induced by the continuum part of uū and cc loops proportional to V * ub V uq and V * cb V cq , respectively. This complex nature of C 9 gives rise to the CP asymmetry in
In the framework of the SM4, the Wilson coefficients C 
so that all three relevant Wilson coefficients are complex in general. The parameters ξ i are given by [38] 
Here
with
The function g(m, z) represents the one loop corrections to the four-quark operators
and is given by [38] 
For light quarks, we havem u ≃m d ≃ 0. In this limit,
We compute g(m, z) at
where B and B represents the branching ratio ofB → X q l + l − and its complex conjugate B →X q l + l − respectively. dB/dz can be obtained from dB/dz by making the following replacements:
Then
The theoretical calculations shown above for the branching ratio of B → X q µ + µ − are rather uncertain in the intermediate q 2 region (7 GeV 2 < q 2 < 12 GeV 2 ) owing to the vicinity of charmed resonances. The predictions are relatively more robust in the lower and higher q 2 regions. We therefore concentrate on calculating A CP (q 2 ) in the low-q 2 (1 GeV 2 < q 2 < 6 GeV 2 ) and the high-q 2 (14.4 GeV 2 < q 2 < m 2 b ) regions. In terms of the dimensionless parameter z = q 2 /m 2 b , the low-q 2 region corresponds to 0.043 < z < 0.26 whereas the high q 2 region corresponds to 0.62 < z < 1.
In order to estimate A CP , we need to know the magnitude and phase of λ q tu and λ q tt ′ . For this we use the Dighe-Kim (DK) parametrization of the CKM4 matrix elements, introduced in [17] .
III. THE QUARK MIXING MATRIX IN SM4
A. DK parametrization for the 4 × 4 matrix CKM4
The Cabibbo-Kobayashi-Maskawa (CKM) matrix in the SM is a 3 × 3 unitary matrix represented as
In the SM4, a general CKM matrix can be written as follows:
The above matrix can be described, with appropriate choices for the quark phases, in terms of 6 real quantities and 3 phases. The DK parametrization defines
The CKM4 matrix now looks like
The elements denoted by "#" can be determined uniquely from the unitarity condition V † CKM4 V CKM4 = I on CKM4. They can be calculated in the form of an expansion in the powers of λ such that each element is accurate up to a multiplicative factor
The matrix elements V ud , V cd and V cs retain their SM3 values
whereas the values of the matrix elements V td , V ts and V tb are modified due to the presence of the additional quark generation:
In the limit p = q = r = 0, only the elements present in the 3 × 3 CKM matrix retain nontrivial values, and the above expansion corresponds to the Wolfenstein parametrization [40] with C = ρ 2 + η 2 and δ ub = tan −1 (η/ρ). The remaining new CKM4 matrix elements are:
We already have strong direct bounds on the magnitudes of the elements of the CKM3 matrix. From the direct measurements of | V us | = |V us |, | V cb | = |V cb | and
, which do not assume the unitarity of the CKM matrix, one can derive [17] 0.216 < λ < 0.223 , 0.76 < A < 0.90 , 0.23 < C < 0.59 (46) at 90% C.L.. Also, the phase δ ub can be constrained through the measurement of (36) and (37),
The value of δ ub is therefore restricted to lie between (26
Direct bounds on p and q can be obtained by combining the direct measurements of the magnitudes of the elements in the first two rows with the unitarity constraints.
We get the 90% C.L. bounds on | V ub ′ | and | V cb ′ | as
which correspond to p < 9.0 , q < 3.05. In addition, a strong constraint is obtained on the combination X L bb ≡ (V † CKM4 V CKM4 ) bb through the measurements involving Z → bb, which give X L bb = 0.996 ± 0.005 [41] . This translates to | V t ′ b | < 0.11 at 90% C.L., which corresponds to r < 0.5.
The observables ∆M Bs , ∆M B d , B → X s γ, B → X s µ + µ − , and sin 2β are complicated functions of the CKM parameters λ, A, C, p, q, r, δ ub ′ , δ ub , and δ cb ′ . Hence we take care of the constraints on these parameters numerically, without giving the analytic expressions explicitly here.
IV. CP ASYMMETRY IN
The "squashed" unitarity triangle in the SM3 that arises from the equation
is shown in Fig. 1 . The angles of this unitarity triangle are
The corresponding unitarity "quadrilateral" relation in the SM4 is
This quadrilateral may be superimposed on the SM unitarity triangle as shown in which is the same as the sine of the angle χ shown in Fig. 1 . With the introduction of the fourth generation, the contribution to the CP asymmetry also comes from the quantity Im(λ s tt ′ ), which may be written as
which is the same as the sine of the angle χ in the figure. Thus, the new CKM4 elements themselves tend to magnify the CP violation by a factor of ∼ 1/λ ≈ 5.
There can of course be additional factors due to the modified Wilson coefficients in SM4, which we will take care of in our complete numerical analysis in the next section.
B. Numerical calculation of
In order to calculate A CP (q 2 ) from the procedure outlined in Sec. II B, we need to know λ q tu and λ q tt ′ . Using the DK parametrization, we have 
The inputs used in the numerical analysis are shown in Table I . Fig. 2 shows A CP (q 2 ) in the low and high q 2 regions for the decay B → X s µ + µ − for m t ′ = (400, 800, 1200) GeV. Clearly for m t ′ = 400 GeV, for most of the allowed regions of the parameter space, the SM4 prediction for A CP (q 2 ) in the low-q 2 region is either below the SM3 prediction or consistent with it. However in the high-q 2 region, the SM4 prediction can be as high as 2.5%, which is about 40 times the SM3 prediction. There is thus a significant enhancement in A CP (q 2 ) in the high-q 2 region. Table II shows the ratio of the maximum A CP (q 2 ) allowed within the SM4 and that allowed in the SM3. It can be seen that with increasing m t ′ , the enhancement in A CP (q 2 ) at low-q 2 (high-q 2 ) increases (decreases) and then saturates at ∼ 1.2 (25) times the SM value. Thus, while the low-q 2 region is rather insensitive to the effects [ of the fourth generation, the high-q 2 region may show a significant asymmetry that can easily be shown to be beyond the limits of the SM3.
The saturation in A CP (q 2 ) at large m t ′ may be understood as follows. The Wilson coefficient C 10 becomes very large as compared to C 7 and C 9 for large m t ′ . Hence from eq. (11), it is obvious that λ s tt ′ must be very small for large m t ′ so as to keep the branching ratio within the experimental range. Hence in the limit of large m t ′ , we have λ s tt ′ → 0. In this limit, the X im term in eq. (24) vanishes and the numerator of A CP (q 2 ) becomes
The right hand side of eq. (56) has only a weak dependence on m t ′ and hence remains almost constant for large m t ′ . D(z) + D(z), on the other hand, is just obtained from the branching ratio of B → X s µ + µ − , an experimentally measured value. The ratio of these two quantities, A CP (q 2 ), is therefore rather independent of m t ′ at large m t ′ .
This fact is reflected in the A CP plots: there is not much difference in the A CP (q 2 ) prediction for m t ′ = 800 GeV and m t ′ = 1200 GeV.
The "standard" unitarity triangle in the SM3, which arises from the equation
is shown in Fig. 3 The angles of this unitarity triangle are defined as
The corresponding unitarity relation in the SM4 is
This quadrilateral may be superimposed on the SM unitarity triangle as shown in Fig. 3 . 
which is the same as the sine of the angle β shown in Fig. 3 . With the introduction of the fourth generation, contribution to the CP asymmetry also comes from the quantity Im(λ d tt ′ ), which may be written as
Thus, the additional contribution to the CP violation from the complex nature of the CKM4 elements is rather small. 
For our numerical analysis, we use the expressions correct up to O(λ 2 ). Fig. 4 shows the A CP (q 2 ) distribution in the low-q 2 and the high-q 2 regions for m t ′ = (400, 800, 1200) GeV. Here we find that for m t ′ = 400 GeV, the low-q 2 prediction in the SM4 is either consistent with or below the SM3 prediction whereas in the high-q 2 region, the SM4 prediction can be as high as 6%, which is about 6 times the SM3 prediction. There is thus a significant enhancement in A CP (q 2 ) in the high-q 2 region. Table III shows the ratio of the maximal values of A CP (q 2 ) allowed within the SM4 and that allowed in the SM3. It can be seen that with increasing m t ′ , the enhancement in A CP (q 2 ) at low-q 2 (high q 2 ) increases (decreases) and then saturates at ∼ 2.5 (3) times the SM3 value. At low m t ′ , the enhancement in the high-q 2 region is rather large, and makes this region more suitable for the detection of a deviation from the SM3 expectation, just like in the case of B → X s µ + µ − . However at high m t ′ , the enhancement over the SM3 value is similar in both the regions, so that the higher branching ratio at low-q 2 and the higher value of A CP (q 2 ) therein makes the
The same arguments as given in Sec. IV B in the case of B → X s µ + µ − for the saturation of A CP (q 2 ) at large m t ′ also apply to B → X d µ + µ − . The allowed range A CP (q 2 ) at 800 GeV and 1200 GeV is then almost identical, as can be seen in Fig. 4 .
VI. CONCLUSIONS
In this paper we study the CP asymmetry in the decays B → X s µ + µ − and (for m t ′ > 400 GeV), whereas practically no enhancement in the low-q 2 region is obtained. Therefore the high-q 2 region is more sensitive to new physics of this kind.
2. For the decay B → X d µ + µ − , the fourth generation of quarks may provide an enhancement up to 6 times in A CP (q 2 ) in the high-q 2 region. While no enhancement is possible in the low-q 2 region for m t ′ around 400 GeV, at large m t ′ (> 800 GeV) the enhancement in both low and high q 2 region in the SM4 is about 3 times the corresponding SM3 prediction . Since the branching ratio in high-q 2 region is small compared to the one in the low-q 2 region, the low-q 2 region becomes more attractive at large m t ′ .
3. For both the decays B → (X s , X d ) µ + µ − , the effect of increasing m t ′ is to increase (decrease) the values of A CP (q 2 ) in the low-q 2 (high-q 2 ) region. At large m t ′ , the value of A CP (q 2 ) is almost independent of m t ′ .
For a branching ratio of ∼ 10 −6 , a measurement of a CP asymmetry of 1% at the 3σ level would require ∼ 10 10 B mesons. Hence the measurement of a CP asymmetry at the level of a few per cent should be feasible at the future colliders like Super-B factories [49, 50] . Any enhancement observed beyond the standard model, combined with its q 2 -dependence, can offer clues about the nature of new physics involved.
